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Abstract 

We consider two realizations of the K-deformed phase space obtained 
as a cross product algebra extension of A:-Poincare algebra. Two kinds of 
the K-deformed uncertainty relations are briefly discussed. 



1 Introduction 

Deformations of space-time symmetries are extensively investigated in last years. 
In this approach the notion of symmetries is generalized to quantum groups i.e. 
Hopf algebras [1]. In this way the Poincare symmetry can be extended to de- 
formed one. Further, we shall consider the special deformation of space-time 
symmetry associated to fc-deformed Poincare algebra with a Hopf algebra struc- 
ture [2]. In this framework, using the concept of duality, for a given momentum 
space one can define configuration space which turns out to be noncommuting 
space-time [3] . It appears that both momentum and configuration spaces form a 
pair of dual Hopf algebras. 

It is known that from such pair of dual algebras one can construct three different 
double algebras: Drinfeld double and Drinfeld codouble, both with Hopf alge- 
bra structure, and Heisenberg double (or more generally, cross product algebra), 
which is not a Hopf algebra. Only cross product algebra can be regarded as a 
generalization of the standard quantum mechanical phase space, because in this 
case we obtain in nondeformed limit the usual commutation relations between 
momentum and position operators. 

Therefore, deformed phase space cannot be a Hopf algebra. 
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In chapter 2 we recall the construction of a cross product algebra [1], which in 
our case it is equivalent to the notion of a Heisenberg double or smash product 
algebra. 

In chapter 3 we show that deformed phase space which is an extension of 
the K-deformed Minkowski space, dual to the momentum sector of /t-Poincare 
algebra [4] can be defined ambiguously. Roughly speaking, one can define the 
commutators between position and momentum in different ways. In particular, 
we show that for the ^-Minkowski space we can construct two different phase 
spaces using the notion of the cross product algebra. In this way we obtain two 
different sets of the position and momentum commutation relations, which gen- 
eralize in K-deformed way the usual canonical commutation relations. One type 
of commutation relations was considered in [4,5] and the physical implications 
were discussed in [6,7]. 

The second form of the commutation relations give us the uncertainty relations 



(where G- gravitational coupling, a- constant related with the string tension) 
on the algebraic level as a consequence of the ^-deformed phase space. Recently, 
this kind of uncertainty relations are investigated in context of quantum gravity 
and string theories [8,9]. 



AxAp >h + aG(Ap) 2 



2 Cross Product Algebra 



Let V be an algebra, X a vector space. 

• A left action (representation) of V on X is a linear map 



\>:V®X^X: p®x — > p>x 



(1) 



such that 



(pp) > x = p> (p> x) 1 > x = x 



(2) 



• We say that X is a left "P-module. 

In the case where X is an algebra and V a bialgebra (or Hopf algebra) 

• We say that X is a left P-module algebra if 



p > (xx) = (p(i) > x) (p (2) >y) p > 1 = e(p) 1 



(3) 



where e denotes counit and we use the Sweedler's notation 



A(p) = ®P(2) 
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Let V he a Hopf algebra and X a left P-module algebra. 

• Left cross product algebra( smash product) X ><V is a vector space 
X®V with product [1] 

(x <S>p)(x <S> p) = x(j>(i) > x) <S> P(2)P (} e ft cross product) (4) 
with unit element 1<8>1, where x, x G X and p,p EV. 

• commutation relations in a cross product algebra. The obvious 
isomorphism A'~A'(g}l,'P~l(g>P gives us the following cross relations 
between the algebras X and V 



[x,p] = x op — po x where xop = x®p p o x — (p^ > x) <g> p( 2 ) (5) 

3 Kappa-Deformed Phase Space as Cross Prod- 
uct Algebra 

We consider two cases depending on the choice of the momentum sector basis 
which give us two different commutation relations between position and momen- 
tum and in consequence yield two kinds of the uncertainty relations. 

3.1 ft-Poincare Algebra in the Bicrossproduct Basis 

The K-deformed Poincare algebra in the bicrossproduct basis [10] is given by 
(^ = (-1,1,1,1)) 

- nondeformed (classical) Lorentz algebra 

[M^, M pT \ = i{g w M VT + g VT M pp - g pr M vp - g vp M^ T ) (6) 

- deformed covariance relations (Mj = ^€ij k Mj k , N { = M i0 ) 

[Mi,Pj\ = ie ljk P k [Mi,P ] = 

[Ni,Pj] = t5 lJ [ncsmh(^)e-^ + ^- c (Pr}-±P l P 1 (7) 
[Ni,P ] = iP l [P P ,P U ] = 

where k - masive deformation parameter and c - light velocity and /t-deformed 
mass Casimir is given by 



C 2 = (2k sinh — Y - -P 2 e - = M (8) 

2kc c 2 

defining coproduct A, antipode S and counit e as follows 
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A(Mj) = <g> 1 + 1 <g> Mi 

A(JVi) = ^® 1 + e-- (8) N i + ±e ijk P j ®M k 

A(P ) = P ®1 + 1®P 

A(Pi) = <g> 1 + e"~ <g> 



(9) 



S(M) = -Mi S(N t ) = -e^N, + —e l3k e^P M k (10) 

KC 



S(P ) = -P S(Pi) = -P t e^ (11) 

e(X)=0 for X = M z ,N t ,P^ (12) 

the K-Poincare algebra becomes a Hopf algebra. It is easy to see that the k- 
Poincare algebra contains the following ^-deformed Hopf algebra of fourmomen- 
tum P K 

[P^Pu] = 

A(P ) = P ®1 + 1®P (13) 
A(P fe ) = P fc ®l + e--®P fc 

S(P ) = -P S(P l ) = -P t e^ e(P M ) = (14) 

Using the duality relations with second fundamental constant h (Planck's con- 
stant) 

< x ll ,P v >= -iftg^u = (-1,1,1,1) (15) 

we obtain the noncommutative K-deformed configuration space X K as a Hopf 
algebra with the following algebra and coalgebra structure 

[x ,x k ] = ~x k , [x k ,xi]=0 

A(x„) = x^ <g> 1 + 1 <g> Xf, (16) 

SiXfj) = -Xp e(x il ) = 

We consider K-deformed phase space Tl K ~ X K <S>V K as a left cross product algebra 
with a product 

(x ® p)(x ® p) = > £) (g) P( 2 )P (17) 

and left action 

JOOX =< p,X( 2 ) > (18) 

using the isomorphism x ~ x£g> 1, p ~ 1 ®P we obtain the commutation relations 
for n K in the form 
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[xo,Xfc] — 

\Pp,Pv] = 

[Xk,Pl] = 

[x ,Pk\ = 



--x k 

kc 





ihS k i 

Pk 



if i 



[x k ,xi\ = 

[xk,Po] = 
[x ,po] = -ih 



(19) 



Introducing the dispersion of the observable a in quantum mechanical sense by 



A(a) = V< a 2 > - < a > 2 



A(a)A(6) > -| < c> 



(20) 



where 
basis (xq 



c=[a,b], we obtain K-deformed uncertainty relations in cross product 
- ct,E — cp ) [4,5,6] 



A(t)A(x k ) > ^2 1 < x k > 

A(p k )A(xi) > \%5 kl 

A(E)A(t) > \h 

A( Pk )A(t) > ^\<p k > 



Ik 

2 c 



< X k > 



(21) 



where L = — describes the fundamental length at which the time variable should 
already be considered noncommutative. In the recent estimates k > 10 12 GeV 
therefore l K < 10 _26 cm; in particular one can put k equal to the Planck mass 
what implies that l K — l p ~ 10~ 33 cm [see discussion in [6] ). 



3.2 ft-Poincare Algebra in the Standard Basis 

In the standard basis of K-Poinare algebra [2] the commutation relations are given 
by 

- nondeformed (classical) 0(3)-rotation algebra (Mj = \eij k Mj k ) 



[Mij, M kl \ = i[b lk M j{ + 5 jt M lk - 5 a M jk - 5 jk M u ) 
deformed covariance relations 



[M i; Nj] = ie ljk N k 
[Mi^Pj] = ie ijk P k 



[Mi,P ] 








[Ni,Nj] = -ie ijfc (M fc cosh(g)-^P fc P,M^ 
[N^Pjl = iS ijK cwah(^) [Ni,P ] = iPi 



with ^-deformed mass Casimir 



C 2 = (2«sinh A)2_ lp 2 = M 2 
2kc c 2 



(22) 



(23) 



(24) 
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In this basis the K-Poincare algebra becomes a Hopf algebra if we define coproduct 
A, antipode S and counit e in the following way 



A(Mi) = Mi ® 1 + 1 <g) Mi 
A(Ni) = Ni® e& + ® N, t + 

Pn Pi 



1 , 
2Kc tl 3 k 



P,j®M k e^ + e -^Mj®P k ) (25) 



A(P Q ) = P ®1 + 1®P 
A(Pi) = Pi® e~^-c + e ^ ® p. 

S'(M i ) = -M < W) = -^ + ^ p i ^(P M ) = -P M (26) 
e(X)=0 /or X = M,,iV l ,P M (27) 

As in the previous case we see, that K-Poincare algebra contains the Hopf subal- 
gebra of K-deformed fourmomentum V K 

A(P ) = P ®1 + 1®P (28) 
A(Pi) = Pi® e-& + e & ® P i 

S(P ) = -Po S{Pi) = -Pi e(P M ) = (29) 

Now, applying the duality relations we obtain the noncommutative ^-deformed 
configuration space X K as a Hopf algebra with the following algebra and coalgebra 
structure 

[xo,x k ] = ~x k , [x k ,xi] = 

A(x M ) = x fl ®l + l®x fl (30) 

S(x^) = -Xp e(x li ) = 

It is worthwhile to stress that for both realizations of bases of fourmomentum sec- 
tor i.e. bicrossproduct and standard, we obtain the same commutation relations 
for configuration space X K . Both bases are related by nonlinear transformation 

Pi -> Pie** 

Using the left cross product algebra construction we get commutation relations 
for ^-deformed phase space Tl K in the standard basis (see also [5]) 

[x ,x k ] = ~x k , [xk,x{\ = 

\v^Vv\ = o ^ 

[x k ,pi] = ihS k ie^ [x k ,Po\ = 

[x ,Pk\ = ^- c Pk [xo,Po\ = -ih 

Therefore, the K-deformed uncertainty relations read (xo — ct,E — cpo) 

(32) 



A(t)A(x k ) > ^2 1 < x k > | = < x k > 

A( Pk )A(xi) > \U5 kl \ < > | 

A{E)A(t) > \n 

A( Pk )A(t) > jK\ < Pk > | = \ l -f\ <p k > 



and the mass-shell condition 



(2 Ksin h^) 2 -^ J P 2 
v 2kc c 2 



M 



(33) 



This relation one can rewrite as follows 



exp( 



2kc' 



P 2 + M 2 
\ 4k 2 c 2 



V 



P 2 + M 2 
Ak 2 c 2 



(34) 



This formula allows us to consider the uncertainty relations (32) between mo- 
mentum and position in the nonrelativistic limit c — > oo 



A( Pk )A(xi) > jS k i 



M\ 2 ' 



> 2 Skl { l + 2-J 



(35) 



Therefore, we see that it is mass dependent relation, however for K>Mwe get 
the standard quantum mechanical uncertainty relation. 

On the other hand, neglecting the first term on r.h.s in (34) we have an estimation 



. Ii. //, P 2 + M 2 c 2 " 

A( Pk )A( Xl ) > -5 kl ( 1 + 



(36) 



using the relation < P 2 > = < P > 2 +(Ap) 2 in the regime < P > 2 +M 2 c 2 <^ 
k 2 c 2 , Ap < kc one gets 



A(p t )A(x,) > \ hl (l + 



(37) 



a modified uncertainty relation which follows from the analysis of string collisions 
at Planckian energies (see [4,5]). 



4 Final Remarks 

We considered two realizations of the fourmomentum sector of /t-Poincare alge- 
bra - the bicrossproduct and standard bases. In both cases we discussed the n- 
deformed phase space obtained by the cross product algebra construction (Heisen- 
berg double) and related uncertainty relations. We see that noncommutativity of 
space-time coordinates is the same for both realizations of the phase space, how- 
ever the commutation relations between position and momenta operators are 
different which give us two kinds of the uncertainty relations. 
In the case of the standard basis we showed that the K-deformed uncertainty re- 
lations in appropriate limit give us the modified uncertainty relations postulated 
in string theory, now derived on the algebraic level. 
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It is worthwhile to mention here, that the choice of the bases in the momentum 
space physically means the choice of generators which one interpretes as de- 
scribing physical momenta. It appears that the choice of the physical momenta 
changes radically the uncertainty relations. 
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